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Abstract 



In paper [I] Joan Birman and Ilya Kofman prove the coincidence of 
the class of Lorenz links and the class of twisted links. The proof in that 
work is algebraic. We will identify this class in terms of grid diagrams and 
provide a transparent geometric argument for Birman-Kofman's result. 

Lorenz links are periodic orbits of the Lorenz "strange attractor", which 
arises in physics. See [3] for details. Twisted links are a generalization of torus 
links: it is allowed to twist not the whole set of strings but also some of its 
subsets. We will introduce a class of oriented links by putting restrictions on 
their grid diagrams and then we will show that it coincides with the class of 
Lorenz links and with that of twisted links. 

Definition 1. A permutation a £ S n is called a shuffle if there exists k such 
that: 



Let a be a shuffle such that a(i) ^ i for all i = 1, n. Then the closure of 
the permutation braid associated to the shuffle a is called a Lorenz link. Lorenz 
links inherit their orientation from the corresponding braids. We will associate 
the following vector to a 



and call it the Lorenz vector of a. 

We will denote the Lorenz link corresponding to a by the associated Lorenz 
vector. We will also use the following short notation for this vector: 



Example 1. In Fig.l the Lorenz link with Lorenz vector (3 4 ,5 3 ) is shown. 



cr(l) < ct(2) < ... < a(k), 
cr(fc + 1) < cr(fc + 2) < ... < a(ri). 



(cr(l) - 1, a(2) — 2, a(k) - k) 



(pi,Pl, ...,Pl,P2,P2, -,P2, ...,p s ,Pa, -,Ps) = (pi qi ,P2 q2 ,---,Ps q3 )- 
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Figure 1: Lorenz link (3, 3, 3, 3, 5, 5, 5) = (3 4 , 5 3 ) 



Definition 2. Twisted links (T-links) are the closures of braids on n strings 
of the following form: 

(a 1 <T 2 --<Jp 1 -i) qi (a- 1 a 2 ...crp 2 -i) q2 ...(a 1 <T 2 --<Jp s -i) qs , 

Pi <P2 < •■• < Ps = n. 

The T-link, associated to this braid is denoted by T((pi, qi),...,(p 8 , q s )) (see 
Fig. 2). The class of T-links is a generalization of the class of torus links, which 
corresponds to s = 1. T-links also inherit their orientations from the braids. 

Example 2. In Fig.2 the T-link T((3,4),(5,3)) is shown. 




Figure 2: Braid T((3,4),(5,3)) 

Definition 3. Let a e S n be a shuffle and v is its Lorenz vector. We will 
denote by diag(u) (or by diag(cr)) the following link given by the coordinates of 
the vertices of its grid presentation (see [2j for the definition of grid (rectangular) 
presentations): 

(1, 1), (2, 2), (n, n), (1, <r(l)), (2, <t(2)), (n, a(n)). 

If o(i) >ia vertical edge with x-coordinate i is oriented upwards; otherwise 
it is oriented downwards. Horizontal edges are oriented appropriately. We will 
call such links diagonal. 



2- 
I - 



Figure 3: Link diag((3, 3, 3, 3, 5, 5, 5}) 

Example 3. In Fig. 3 the diagonal link diag((3, 3, 3, 3, 5, 5, 5}) is shown. 

Theorem 1. The class of diagonal links coincides with the class of Lorenz 
links. More precisely, the diagonal link diag((pi 9l ,p2 92 , ■■■,Ps qs )) is isotopic to 
the Lorenz link (jpi 9l ,P2 92 , ■ ■■,Ps qs }- 

Proof. Let's denote the diagonal x — y of diag((pi 91 ,p2 92 , ■ ■■,Ps qs )) by 
I. Let's denote the set of vertical edges with x-coordinate less or equal to 
Qi + Q2 + ••• + Qs by L. The remaining vertical edges will form the set R. 

Now we introduce the isotopy. First we rotate our grid diagram by 45° 
clockwise. Next we rotate each edge from L by 45° counterclockwise around its 
lower end and stretch them as necessary so as to have all their upper ends on a 
straight line parallel to I. Then we will apply the same procedure to R, rotating 
the edges around their upper ends. The other edges, which were horizontal 
before the rotation are adjusted appropriately. Refer to Fig. 4 for an example. 




Figure 4: Link T((3,4),(5,3)) 



Next we fold our link along the horizontal line / and put the lower part over 
the upper one. Now there are only two rows of vertices of our piecewise-linear 
planar diagram. There are three layers of edges: the middle layer consists of 
Qi + <Z2 + ••• + Is + Ps vertical edges, the top layer consists of p s edges crossing 
the edges from the middle layer negatively, the bottom layer consists of qi + 
q 2 + ... + q s edges crossing the edges from the middle layer negatively. Consider 
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the edges of the bottom layer. They don't cross each other, so there will be no 
obstruction to pull them aside and place in the top layer. Refer to Fig.l for an 
example. This is a closed permutation braid associated to er, which is a shuffle. 
Thus it is the Lorenz link (pi qi , ...,p s qs ). 

Theorem 2. The class of diagonal links coincides to the class of twisted 
links. Precisely, the diagonal link diag((pi 9l ,p2 92 , ■ ■■,Ps q ")) is isotopic to the 
twisted link T((pi,qx), (p s ,q s )). 

Proof. Let's cut open the horizontal edges of di&g((pi qi , p2 q2 , ■ ■■,Ps qs )) with 
y-coordinate a(i) (i > q\ + q2 + ... + q s ) and connect them "through the infinity" . 
Refer to Fig. 5 for an example. 



This is a diagram of a braid on p s strings, oriented rightwards. The strings 
are numbered bottom-to-up. All crossings are placed over the former diagonal 
of the diagonal link. They are induced by the vertical edges of the diagonal link 
with x-coordinate i < qi+q2 + ■■■ + q s - Each such edge contributes tJ\<J2---&a(i)-i 
to the braid word since the left string crosses over the next a{i) — 1 strings. 
Finally we get the following braid word: 



Thus we got T((p 1 ,q 1 ),...,(p s ,q s )). 

Corollary([lJ).The class of Lorenz links coincides to the class of twisted 
links. Precisely, the Lorenz link (pi qi ,P2 q2 , ■■■,Ps 9b ) is isotopic to the twisted 
link T((pi,gi),...,(p s ,g s )). 
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Figure 5: Link T((3,4),(5,3)) 



(criCT 2 ...cr pi -i) 9l ( cr l cr 2---0-p 2 -l)' Z2 ...(criCT 2 ...cr Ps -i) 9s , 



4 



